ABSTRACT: The aim of this paper is to investigate the long term configuration attained by a tidal channel, namely its longitudinal bed profile and shape. Channel evolution is simulated through a one-dimensional numerical model, where the role of intertidal areas is neglected. The channel has a rectangular cross section and it is closed at one end. The major novelty of the work is that the width of the channel is allowed to change in time: in the present model lateral erosion is computed as a function of bed shear stress, provided it exceeds a threshold value within the cross section. The system, forced by a prescribed free surface oscillation at the seaward boundary, reaches an equilibrium profile of both bottom elevation and channel bank. The equilibrium geometry of the channel is determined for different initial and boundary conditions. Furthermore, the spatial variations of the cross section at equilibrium are analyzed in order to identify those conditions under which the commonly used exponential law of channel width variation is reproduced. Finally, a comparison is pursued between model predictions and bathymetries of real estuaries.
INTRODUCTION
The definition of long-term equilibrium conditions of tidal channels is an issue of great importance for many aspects related to the management of tidal environments. In spite of its relevance, the problem still awaits for a complete investigation.
In previous works (Schuttelaars and de Swart 2000; Lanzoni and Seminara 2002; Todeschini et al. 2003 ) the attention has been mainly focused on the case of well-mixed, tide-dominated estuaries, characterized by a given funnel shape, negligible river discharge and vanishing bottom slope (Perillo 1995; Savenije and Veling 2005) . Furthermore, the influence of tidal flats has been ignored. The above works suggest that, when a reflective boundary is assigned at the landward end, the morphological evolution of a tidal channel, starting from a horizontal bed profile, is characterized by the formation of a sediment wave that migrates slowly landward until it leads to the emergence of a beach. This condition generally inhibits the further development of the channel and determines an asymptotic intrinsic length of the estuary. The resulting bed profile is characterized by an increasing bottom elevation in the landward direction, as confirmed also by the experimental observations of Bolla Pittaluga et al. (2001) . It is important to note that channel convergence directly controls the above equilibrium length; in fact, it strongly affects both the hydrodynamics (Friedrichs and Aubrey 1994) and the consequent morphodynamical evolution (Lanzoni and Seminara 2002) . The interest for the study of such class of estuaries is motivated by the fact that, in nature, many estuaries display a typical funnel shape. The Thames and the Bristol Channel, whose plan view can be seen in Figure 1 , are examples of this estuarine category.
Understanding the reason why tidal channels are convergent and defining the conditions under which the exponential law for width variation, which is so often observed in nature, is reproduced are the main objectives of the present work. We then remove the main assumption on which previous models are based, namely that of fixed banks, and let the channel bank vary with time. We note that various attempts to reproduce the equilibrium cross section of tidal channels have been pursued in previous works (e.g. Gabet 1998, Fagherazzi and Furbish 2001) . However, the above analyses mainly focus on the local scale, hence the full coupling with the morphological evolution of the channel is not taken into account. On the other hand, several contributions already exist in the case of rivers. For instance, a numerical model of widening and bed deformation has been proposed by Darby and Thorne (1996) who considered both planar and rotational failures and calculated channel widening by coupling bank stability with flow and sediment transport algorithms.
In our work a strongly simplified approach is adopted, whereby only the effects related to flow and sediment transport processes within the tidal channel are retained and further ingredients, like the control exerted by tidal flats or the direct effect of sea currents in the outer part of the estuary, are discarded. Furthermore, a one-dimensional model is used to investigate the long-term evolution of the channels. The lateral erosion is taken into account and computed as a function of bed shear stress, provided it exceeds a threshold value within the cross section. In the paper we test the effect of different initial and boundary conditions on the widening process of the channel, along with the role of the incoming river discharge.
FORMULATION OF THE PROBLEM
We consider a tidal channel of length L * e and rectangular cross section (hereafter the asterisk denotes dimensional quantities and the subscript e indicates tidally averaged values at the mouth of the estuary at the beginning of the simulation). The basic notation is reported in Figure 2 . We adopt a one-dimensional model to study the propagation of the tidal wave along where t * is time, Q * the water discharge, * the area of the cross section, H * the free surface elevation and g * is gravity; furthermore is the frictional term, where C h is the dimensionless Chézy coefficient, D * is the water depth and U * is the cross-sectionally averaged velocity. The morphodynamic evolution of the channel is governed by the sediment continuity equation, which reads:
where p is sediment porosity, B * is the channel width, q * s is the sediment flux per unit width and η * = H * − D * is bottom elevation. The term on the right hand side represents the amount of sediments eroded from the banks, which can finally settle at the bottom of the channel.
In the results presented herein the dimensionless sediment flux is evaluated at any time using the relationship proposed by Engelund and Hansen (1967) where d * s is the characteristic particle diameter and 1.65 the relative density of sandy sediments with respect to water. In order to evaluate the tidally averaged value of the sediment flux at the mouth, φ 0 , we assume a sinusoidal velocity U * = U * 0 sin (2πt * /T * 0 ); using such expression and averaging equation (5) we obtain a suitable estimate of the scale of sediment flux, per unit width, in the following form:
The problem is then set in dimensionless form, using the length of the estuary L * e , the tidal period T * 0 , the width B * 0 and the depth D * 0 at the mouth as representative scales; moreover, a scale U * 0 is assumed for the velocity. Hence we define and we assume C h as constant.
We note that the erosion/deposition process typically occurs on a time scale which is much slower than the tidal period T * 0 . As a consequence, the morphodynamic problem can be decoupled from the hydrodynamics and the sediment continuity equation (4) can be scaled using a morphological time scale for bed evolution T * b . Recalling that is the scale of the total sediment flux per unit width, where φ 0 depends on the empirical relationship used to evaluate the sediment flux (6), the above time scale reads
We then set further dimensionless variables in the following form:
Using the above scalings, equations (1), (2) and (4) can be written as:
We note that two dimensionless parameters arise, namely the Strouhal number S t = L * e /(U * 0 T * 0 ) and the Froude number
The differential system (11)-(12), written in semiconservative form in terms of the variables Q and H in order to enhance the conservation of mass and momentum, is discretized through finite differences and solved numerically using the explicit MacCormack method. The numerical scheme is second order accurate both in space and in time provided the usual Courant-Friedrich-Levi stability condition is respected. A suitable artificial viscosity is introduced through a TVD filter (Total Variation Diminishing) in order to remove the spurious oscillations around discontinuities, which may arise since the tidal wave tends to break during its propagation due to friction and convergence.
The sediment continuity equation (13) is discretized through finite differences and solved numerically (at every time step of the hydrodynamic part) using a firstorder upwind method, with the same time step imposed by the CFL condition for the hydrodynamic problem.
In the numerical simulations we assume a horizontal bed profile as initial condition. At the seaward boundary we impose that the free surface level is only determined by the large scale component of the tide. Hence, we characterize the sea level oscillation with the semi-diurnal M 2 tide, whose dimensional amplitude is a * 0 , and set:
where ε = a * 0 /D * 0 . Moreover we assume that the sediment flux entering through the mouth exactly balances the transport capacity.
At the landward boundary we examine two different conditions: in the first case we assume a negligible river discharge, that corresponds to a reflecting barrier condition, and therefore to negligible sediment flux; in the second case we consider a non vanishing river discharge and we set the incoming sediment flux at the equilibrium value corresponding to the transport capacity of the incoming flow.
It is worth noting that when the channel banks are assumed to be fixed (i.e. the right hand side of equation (13) vanishes), the governing problem reduces to that tackled in previous works (Lanzoni and Seminara 2002; Todeschini et al. 2003) . In this case the bottom profile reaches a dynamical equilibrium, which is characterized by negligible residual values of the sediment transport all along the estuary; furthermore, its configuration mainly depends on the values of external parameters, among which the degree of convergence and the amplitude of tidal forcing play an important role.
A MODEL FOR WIDTH CHANGE
The aim of this work is to investigate the long term morphological evolution of a tidal channel whose width can vary in time. Hence, we need to supplement the governing problem with a bank erosion law suitable for a tidal context, whose definition is not obvious in a one-dimensional framework. Differently from the bed-erosion process, which can be treated in a satisfactory, albeit simplified, way within a onedimensional framework, width changes are inherently influenced by the hydrodynamic behavior close to the banks, which can differ significantly from the cross-sectionally averaged flow.
A first possibility is to abridge the transverse behavior into the concept of asymptotic equilibrium shape of the cross-section, assuming that the width-to-depth ratio of the channel may attain a given value β. Consequently, the bank erosion can be modelled in the following form where the equilibrium width is related to the tidally averaged depth D * av . We note that the parameter γ * represents the inverse of the time scale of width evolution. In fact, if we fix B * eq , the solution of equation (15) can be written as As a first approximation we can assume β to be constant along the entire channel, though this is quite a crude simplification (Lawrence et al. 2004; D'Alpaos et al. 2005) . In Figure 3 an example of the equilibrium bottom and bank profiles, evaluated according to the above assumption, is shown: the bottom profile is linearly increasing landward and consequently, through equation (16), the tidally averaged depth and the bank profile exhibit the same shape. A more realistic solution would require a further morphological model able to estimate the width-to-depth ratio β in equation (16) on the basis of hydrodynamic and geometrical conditions. The degree of uncertainty affecting the above estimate along with the constraint imposed by the application of equation (16) suggest the opportunity to search for a more physically-based erosion law.
In the case of rivers several existing models can be found in the literature, whereby width adjustment is essentially related to the excess bed shear stress with respect to some threshold value. Following Darby and Thorne (1996) , we assume that channel widening may occur in a given section provided the bottom shear stress σ
If we write (18) in dimensionless form we obtain:
It is worth noting that equations (18) in the literature dealing with bank erosion processes in tidal channels. According to the estimates reported by Darby and Thorne (1996) in the case of rivers, we can infer that a value for k * of the order of 10 −8 m/s is suitable for the present case. Another estimate for k * can be deduced from Gabet (1998) , who investigated the process of bank erosion of a saltmarsh creek, reporting a lateral migration rate of the order of 10 −11 m/s. An intermediate value k * = 10 −10 m/s is adopted in our numerical simulations where equation (19) is solved using an explicit scheme.
RESULTS
We now investigate under which conditions the simple one-dimensional model formulated in the preceding section is able reproduce the main distinctive features of tide-dominated estuaries. In order to examine their morphology more closely, we have utilized the bathymetric Digital Elevation Model (DEM, at one arc second resolution) of some estuaries in NorthAmerica, provided by the U.S. National Ocean Service.
In Figure 4 we plot the longitudinal profiles of the channel width B * , cross-sectionally averaged bottom elevation η * and depth D * = * /B * of four different estuaries (Delaware, Columbia, St. Helena Sound, St. Andrew Sound). The variables are scaled with their values at the mouth of the estuary (B * 0 , η * 0 and D * 0 ); furthermore, the reported values refer to tidally averaged conditions. As it can be seen, all the selected estuaries have a funnel shaped geometry. Moreover, the bed profile typically displays a relatively mild landward slope and in some cases the average bed slope is almost vanishing. This behavior seems to contradict both numerical and experimental findings obtained with fixed convergent geometries (Todeschini et al. 2003; Bolla Pittaluga et al. 2001) where the bottom slope is invariably found to attain relatively large values. We may note that the fixed banks approach is essentially based on the premise that the time scale of bed development is much faster than that of bank, such that bed adjustment is driven by the channel geometry. The above discrepancy between prediction and observations could be related to the effect of river discharge which has been typically discarded in the above works. Furthermore, it may also indicate that the mutual interaction between bed and bank development in tidal channels cannot be completely neglected as in the case of fixed banks simulation, at least when the time scales of the two processes are not so far apart.
To investigate the long-term evolution of the channel cross-section we now use our one-dimensional numerical model relaxing the hypothesis of fixed banks. At first we need to define a threshold value for the bottom variation within a certain period of time, below which we can assume that a quasi-equilibrium configuration has been achieved. In fact, within a onedimensional approach it is not obvious to reproduce the conditions which determine the stability of the banks. If the channel width B varies in time according to (19), there is no mechanism ensuring that an equilibrium configuration can be reached, because the erosion law substantially depends on the peak values of the velocity and not on the tidally averaged values, as in the case of bottom elevation η through (13). Thus, while the bottom configuration becomes relatively stable after a period of time comparable with the morphological time scale, the width continues to increase because the velocities are only weakly influenced by the channel width.
An example of this evolution can be seen in Figure 5 and in Figure 6 , where the differences in the adaptation process of bottom elevation and width are quite evident: the bottom evolution is concentrated in a smaller period of time, which is required to let the sediment wave to reach the last section of the channel; on the contrary channel widening proceeds with a velocity that is roughly constant in time. Despite of this fact, when the bottom attains a quasi-equilibrium configuration we assume that the bank profile has achieved a sort of characteristic configuration, which determines the planimetric shape.
In principle we can expect the equilibrium profiles to be mainly dependent on the external forcing. In fact the tidal amplitude a * 0 has a strong influence on the solution, since it controls the scale of velocity U * 0 in the estuary (Toffolon 2002) ; furthermore, the propagation of the tidal wave along the channel determines its hydrodynamical and morphological behavior. Given the same geometrical conditions, a larger tidal amplitude corresponds to a larger rate of widening, because it involves larger velocities in (19). Hence, we do expect the solution to be only weakly dependent on the initial depth at the mouth D * 0 , for a given tidal forcing. This is confirmed by the results reported in Figure 7 , where we plot the equilibrium profiles corresponding to four different values of the initial depth for the same dimensional tidal amplitude a * 0 . The resulting profiles are quite similar.
A special attention has to be paid in the choice of the constant k * which controls the lateral erosion rate of the banks. As pointed out before, it is very difficult to obtain a reliable estimate of this parameter; on the other hand its value deeply influences the solution. Imposing different values of the parameter k * , we obtain different equilibrium bottom profiles and consequently different bank configurations (Figure 8 ). This implies that k * plays a non negligible role, not only in the transient phase of evolution but also in the equilibrium profiles, though the bottom and the banks evolve on different time scales. The degree of widening influences the bottom profile until it has reached an equilibrium configuration, while it is no longer relevant when the residual sediment transport that governs the bottom evolution becomes negligible.
It is worth noting that in all the examples reported above the resulting bank profiles B(x) are characterized by a concave shape (i.e. with a decreasing rate of widening seaward) and by a significant bottom slope; on the other hand observed bank profiles in tide dominated estuaries, like those presented in Figure 4 , display a convex shape (i.e. with an increasing rate of widening seaward) while the bottom slope keeps relatively small. In order to understand the role of the bottom profile on the bank shape we have tested our model imposing a fixed horizontal bed. The resulting bank profile B(x) is plotted in Figure 9a for different values of τ. It appears that in this case the tendency toward the establishment of an exponential law for the bank profile can be reproduced. The difference with the case of mobile bed is even more evident if we compare the banks profile obtained in this case with the one reported in Figure 5 , both plotted at time τ = 20 (Figure 9b ).
There are several other factors which can affect the morphological aspect of tidal channels. Here we focus our attention on the role of the river discharge, which has been neglected in previous simulations but can be easily included in a one dimensional model. When we impose a non-vanishing freshwater discharge at the landward boundary, the formation of a beach within the estuary is inhibited and the resulting bottom profile can be significantly different. In Figure 10 we compare the equilibrium profiles in the case of a closed end (the example reported in Figure 8 for k * = 10 −10 m/s) and in the case of a non-negligible value of the river discharge (Q * = 100 m 3 /s). In the latter case the equilibrium bottom profile is characterized by a smaller slope and a larger depth because the seawarddirected discharge contrasts with the landwarddirected sediment transport due to the tidal wave. However, the most important difference with the previously illustrated simulations is that the presence of a discharge, imposed at the landward end, determines a banks profile B(x) with a convex shape, which resembles the exponential profile of real estuaries. Although these simulations are not enough to draw general conclusions on this issue, anyway we can infer that the river discharge influences the solution in a significant way. In particular, its presence induces a morphological evolution that makes the planimetric shape of the channels more similar to that typical of real estuaries, even if the ratio between the river supply and the tidal prism at the mouth remains relatively limited, thus remaining in the tide-dominated class of estuaries.
CONCLUSIONS
In nature tide-dominated estuaries are characterized by a funnel-shape, negligible river discharge and small bottom slopes. With this work we investigate the longterm evolution of an estuarine channel, whose width is allowed to vary with time, through the use of a one-dimensional numerical model. The choice of the erosion law, however, is not a trivial question. We have explored two ways to model this phenomenon. Firstly, we have considered the idea of the existence of an equilibrium cross-section described by the width-to-depth ratio β as in (15)-(16). Though this can be regarded as a phenomenological description, it hides the problem of determining the values of β along the estuary; on the other hand, considering a constant value of this parameter gives the unrealistic results that the width is tightly related to the depth.
As a second conceptual scheme, we adopted the physically-based law (18), which relates the velocity of bank erosion to the excess of the bottom shear stress with respect to a threshold value, as it is common in the formulation of the bed erosion due to sediment transport. However, besides the problem to determine the correct value of the parameter k * that controls the intensity of erosion, the adopted relationship hinders the possibility to reach a stable bank configuration because a purely erosive law vanishes only when the bottom shear stress reaches its critical value. We could have avoided this problem considering a process of bank reconstruction, which usually occurs on a large time scale. Instead of using an unrealistic instantaneously varying depositional law, this process could be modelled with a fixed rate of reconstruction due to vegetation activity, for instance. At the moment, we have chosen not to introduce a new parameter whose evaluation is totally uncertain. On the other hand, through the simple law (18) we can examine the influence of the width on the velocity. In fact, differently from the case of the bed evolution, where the bottom profile has a strong influence on the values of the velocity developing within the channel, the width seems to control the flow field mainly through the influence of the channel convergence rather than through the local value of the width in a given section. For instance, when we assume an exponential variation of the width and fixed banks, the solution is independent of the local value of the width (Todeschini et al. 2003) . In this way, even large variations of channel width do not change the values of velocity significantly.
Despite of the uncertainties in the bank erosion law, an interesting result is shown by the present analysis. The typical funnel shape of most estuaries seems to be related to the occurrence of a small longitudinal slope of the bottom, which can results from the effect of an incoming discharge at the head of the estuary. However, we expect that other features, like bi-or three-dimensional circulations within the channel, the formation of large scale bed forms or the exchange with the outer sea, which have not been considered in this analysis, could play a role in the long-term planimetric evolution of estuaries; they certainly should be the subject of further research.
